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Abstract 


This  is  a study  of  the  convergence  of  image  measures  U^^f (A)  = 

U {x:f  (x)  e A},  where  vi  is  a measure  on  X which  is  finite  on  compacts, 
n n n 

and  f^  is  a measurable  mapping  from  X to  Y,  two  locally  compact  second 

countable  Hausdorff  spaces.  A basic  result  for  image  measures  asserts 

that  if  the  are  probability  measures  which  converge  weakly  to  p,  and 

f^(x^)  ->■  f(x)  whenever  x^  ->■  x for  p a.e.  x,  then  ^ converges  weakly 

to  pf  We  present  a similar  result  and  a partial  converse  for  general 

p , where  vague  convergence  is  used  instead  of  weak  convergence  (p  converges 
n n 

vaguely  to  p if  ff  dp^  /f  dp  for  each  continuous  function  f on  X with 

compact  support).  Its  proof  is  based  on  a Fatou-like  lemma  for  vaguely 

converging  measures.  We  also  study  the  convergence  in  distribution  of 

random  image  measures  ^ (b  ^ where  £ is  a random  measure  on  X and  it  is  a 

n’^n  n ^n 

random  function  from  X to  Y.  We  show  how  these  measures  can  be  used  to 

analyze  thinnings  of  point  processes  and  random  measures. 

The  convergence  of  integrals  Jf^  dp^  is  essentially  equivalent  to  the 

convergence  of  image  measures,  since  / f (x)  dp  (x)  = ft  dp  f ~^(t). 

•'An  n ^ n n 

Using  this  idea,  we  present  several  convergence  theorems  for  these  integrals 
when  the  are  weakly  or  vaguely  convergent.  These  are  similar  to  the 

result  that  if  p-integrable  f^  converge  in  p-measure  to  some  f,  then 
Jf^  dp  ->  Jf  dp  if  and  only  if  the  f^  are  uniformly  p-integrable.  We  also 
extend  our  integral  convergence  theorems  to  mixtures  of  measures  = 

/k^(x,A)  dp^(x),  which  arise  in  the  study  of  extreme  order  statistics  of 
exchangeable  variables,  and  randomly  selected  partial  sums. 


1. 


Introduction 


Let  X denote  a iocaiiy  compact  second  countable  H<UisdorfC  space, 

let  X be  the  Borel  a-alp,elna  on  X p.encrated  by  its  topology,  and  let  bX 

be  the  bounded  (i.e.  reJativ'cLy  compact)  sets  In  X.  V.'e  denote  by  M (X) 

b 

the  set  of  finite,  (noanegat Lve)  r.casures  on  X.  A sequence  iu  llj^(X) 
converges  v^eakly  to  p , written  p^^  V p in  Mj^(X),  if  /fclp^^  ->■  /fdp  for  any 
bounded  continuous  function  f on  X;  see  [JJ  and  [3].  We  let  M(X)  denote 
the  set  of  measures  on  X that  are  finite  on  compact  sets  (Radon  Ileasures) . 
A sequence  in  M(X)  converges  vaguely  to  p,  written  p^^  ^ p in  M(X) , if 
Jfdp^^  ->  /fdp  for  any  continuous  function  f on  X with  compact  support;  see 
[2],  [6]  or  [8]  for  the  basics  on  this. 


The  subtle  difference  between  weak  and  vague  convergeiure  can  be  seen 
by  the  following  statements. 

(1)  p^  p in  M|j(X)  if  and  only  if  p^^  X g in  Mj^(X)  and  P,j(X)  ‘ p(X) 

(see  (8,  p.  7A]). 

(2)  p^^  •>  p in  M(X)  if  and  only  if  p^^  ->  p in  M|^(R)  (here  tlie  p's  are 
restricteil  Lo  K)  for  each  compact  K in  X whose  boundary  3K  has 
p-mea.sure  zero.  (This  is  easy  to  prove.) 

In  this  article  we  study  the  convergence  of  image  ru'a.iiires  md  .so  •'e 
related  integrals.  More  specif  ical  Ly,  let  l'(X,Y)  be  the  .set  of  r:.'a.su  ral>  I .■ 
functions  from  X to  Y,  where  Y is  a second  countable  iocalfy  conipicl 
Hausdorff  space.  Ify  an  imag.e  of  p e M(.'i)  under  a function  f t l'(X,Y) 
we  mean  the  measure  pf  ''(A)  = p{x:f(X)  c A)  for  A c V.  The  weak  conver- 
gence of  images  \ where  are  weakly  convergent  probaliLlity  measures^ 

is  studied  in  I'll  and  liA).  In  particular,  Theorem  b.S  iu  13]  (due  lo  11.  Ruhiu) 

This  research  was  spou.sorcd  in  p.art  by  t lie  Air  Mirce  01  f ice  ol  .Scientific 
Rese.irch  under  flrant  Mo.  Art).SR-7A-2()27 , and  liy  the  N.it  ioiial  Sc  Leiice  Round. U ion 
under  Grant  No.  RNG7S-i3f>S3. 
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asserts  that  if  P P in  M,  (X),  and  f (>:  ) > f(x)  whenever  x x lur 

n h n n ii 

- 1 w - 1 

1’  a.e.  X,  then  ^ ^ present  a vap.ne  converp.enee 

anaLogiie  o£  this  as  well  as  a converse.  Its  prot)f  is  based  on 

ii  I’atou-like  leiiima  for  v.i;;iiely  convi!rj;ent  measures.  We  also  present  a 

random  version  of  it  dealinp,  with  tlie  convergence  in  d i.str  ihiition  of 

random  image  measures  f,  * wliere  f is  .a  random  measuta?  on  the  non- 

n n n 

negative  real  mimbers  and  is  a r£indom  function  frora  R^  to  Y.  We 
di.scns.s  how  siic.li  random  image  measures  can  he  used  for  analyxing  thinned 
point  processes  and  random  measures  as  studied  in  [7J,  [hj,  llO],  [ll] 
and  [ id  J . 

The  convergence  of  integrals  ff^^dp^,  for  cF(X,R),  is  e.sse.ntial  Ly 

equivalent  to  the  convergence,  of  the  image  measures  p f \ because,  by 

n n •' 

a change  of  variahie, 

I 

A K 

Using  this  Idea,  we  obtain  (in  Section  3)  several  convergence  theorems 

for  these  integrals  when  the  are  weakly  or  vaguely  couverg.ent . These 

are  similar  to  the  well-known  result  that  ii  ii-inteprahlc  f f Fi'X.K  ) 

n t- 

converge  in  n-measnre  to  some  f e F(X,R^)  tlien  /f ' /lilp  if  and  only  if 
the  are  milformiy  ji-integrahlc . We  pursue  this  theme  lui  ther  in  Sm  t ion 
4 win  re  we.  study  the  eonvergence  ot  measures  'jj(A)  ~ /k^^(x,A')di  ^^(x)  . Ojr 
results  here  contain  the  key  Tlieorem  .3.1  in  [5]  on  mixtures  of  lu-obahiliiv 
measures,  which  is  lUT’d  for  analyzing  extreme  order  st.it  ist  ics  of  exch  >n;',i'- 
able  variihles  or  random  sized  samples,  and  for  analyzing  randomly  selected 


part  i a I .sums . 


2.  C_on.vo^ri|.c»cc^C>j^  ,.T ma{;c*  Measures 

In  this  Section  vo  consider  the  vaj'.ne  converj;oiu  c of  inia^e  measures 

U f \ Vie  bej’in  with  a few  preliminaries, 
n n 

The  type  of  convergence  on  the  functions  f^^  that  we  shall  assume  is 


as  follows. 

i)ef  in  It  lent  2.1.  hot  f and  f^  be  in  F(X,Y)  and  let  |i  and  he  in  M(X) 

for  n > 1.  Vie.  say  that  converges  continuously  to  f a.e.  if  ' f (a) 

c c 

vTnenever  x >■  x for  x e l>  t X,  x e B t X and  p (B  ) = 0 = p(B  ).  Vie  denote 
n n n n n 

this  by  f f in  F(X,Y)  a.e.  p . 

n n 

The  Tlieorem  5-5  in  [3],  on  the  convergence  of  images  of  proljaliilities 
which  we  mentioned  above,  readily  extends  to  images  of  arbitrary  measures 
in  lijj(X)  as  follows. 

Theorem  2.2.  Suppose  p^  p in  and  f^  f in  F(X,V)  a.e.  p^.  Then 

Proof.  The  assort.  Ion  ;i  f ^ f is  Of]uiv'alenr  to 
n n 


Ilf  ^(C'O  < lini  inf  f ^ (G)  for  iilJ  open  G r V,  ami 
' n n n 

pf~^(Y)  = lim  1.  f~^Y). 

^ nun 

The  inequality  follows  as  in  the  proof  of  ]3,  Thooreia  5.51.  The  second  sLatemei 
follows  since 


p f 5y)  = p (X)  > p(X)  - pf-^  (Y). 
n n n 

Our  aim  is  to  prove  an  analogue-'  of  the  precet'ding,  for  vague  r."ivi'rgi'uc('. 

The  last  pre  1 in’ i neiry  we  need  for  this  is  the  folli'wlng  latou-liki'  rcsuli. 

Theorem  2.3.  If  either  p in  M (X)  or  p p in  M(>),  and  I '•  f in 

n n n n 

r(X.R.)  a.e.  )i  , then 
+ u 

/ |f(x)i  dp(.s)  •:  Un  ini^^  / dp^^(x). 


JQL 


I’roof.  Suppose  that  vi  p in  M,  (X)  . Then  hv  Theorem  1.1  we  have  p f * ” nf  ' 

II  1)  II  n 

in  M^(R).  I.et  a > 0 be  sucli  that  -a  aiul  a an*  eontiruiity  point  of  tlio  measure 
pf  \ and  let 

y.'JO  = ( |t|  for  I t|  < a 

V 

I 0 otherwise. 

Clearly  g Is  bounded  and  continuous  a.e.  pf  Then,  usini',  a standard  change  of 

variable  formula  for  integrals,  v;e  have 

/ |f(x)|  dp(x)  = / g (t)  dpf  ^(t) 

{|f(x)l<al  R 

= .1  im  / g (t)  dti  f ' (t)  = lin  / |f  (x)  ] dp  (x) 

_<  lim  inf^^  / lfj^(x)j  dp^(x). 

.\n  application  of  the  nu'notone  convergence  tlieorL'm  to  the.  first  integral,  as 
a ‘ through  continuity  points  of  pf  \ yields  the  assertion. 

Ni'w  consider  the  case  in  which  ii^^  V p in  M(X).  Lc-t  Rj  ^ compact 

OJ 

.sets  in  X such  that  K.  = X and  p(iiR.)  = 0 for  all  i.  The  latter  is  possible 

i=l  ^ 

by  benma  2.6  below.  For  each  K.  \.-e  have  P^^  p in  (here  the  i. 's  are 

restricted  to  Then  by  the  nreceeding  paragrapli, 

/ 1 I (x)  ] dp('<)  i in  in!  ( [f  (;■)]  da  (x)  < lim  Ju!  ( !t  (xl  I d'l  (■  ). 
i.  — n • ' n n n • . ‘ n ' ' n ' 

K . . A 

I 1 

.An  aj'pl  icat  ion  of  the  rxinotonc  c.-nvergi'iice  llv.'ore.,  to  tl.'-  I irst  inti'/ral  viclds 
tlu’  .assertion. 

We  now  cone  to  the  r.i.iin  result  I't  t!;if.  se,  t ion. 

Theorem  2. A.  Sitppose  ti  ''  P in  M(X),  ( *•  1 in  l•'(\.'l')  .a.e.  ii  . the  pi  ^ and 
^ are  in  H(Y),  and 

A 


1 


(1)  inf  1 in  sup  p (f  = 0 for  all  c-oiiipaoL  K r V. 

Br-bX  " ” 

— 1 V L 

Then  p f >■  pt  In  M(Y)  . 
n n 


Rem  a r k . Condition  (1)  involving  both  the  p's  and  f's  may  hi.'  ditficuil  to 
verify  in  some  case.s.  A .sufficient  condition  for  (1)  involving,  only  the 

Cx-> 

f's  is  this:  For  any  compact  K e tiicre  is  an  N such  that  \J  f^^  (IC)  e bX. 

n=N 


To  see  this  let  B = [^J  f ‘‘(K)  in  (i). 


Pr^of.  We  shall  prove  the  asscartion  by  establishing  the  oquivaient  statement 


(2)  lim  p f Va)  = pf  ^(A)  for  all  A t bV  with  pf  ^(HA)  = 0. 

n II  n 

Pick  an  AthV'  with  pf  ^(9A)  = 0.  Let  g(‘)  = 1^(*),  the  indicator  function 

c -I 

of  A.  Since  f X f in  V(X,Y)  a. a.  p , and  c i .s  conL  i rnicnis:  :u  e . pf  , tlion 
n n 

it  follows  by  an  elementary  argument  tliat  ^ l'(X,K^)  a.e.  p^^.  Ihon 

by  Theorem  2.3, 

pf  \a)  = / g' f (x)  dp(x)  <_  lim  inf^^  / f','-'’f  ^^(x)  dp^^(x)  - lim  inf^^p^_^f  i 

We  shall  complete  the  proof  of  (2)  by  showing  that 

(3)  lim  sup  P f ^ (A)  < pf  ^(A) . 

To  this  end,  fir.  an  c > 0,  and  chiH';'.o  :\  compact  B in  X such  that 

lim  sup  P (f  < f • 

' n n il 

Ibis  Is  possible  by  (1).  in  addition,  take  B to  he  such  that  p(c'B)  = 0. 

This  is  possible  by  Lemma  2.6.  Clearly 

(4)  lim  suj)  p f '(A)  - lim  sup  (p  (f  *(A)f\B)  + p (f  \A)nii')) 

'nun  n n n n n 


•"lim  sup  p f (A)  f 
n n n 


-JWMW4, 


where  p and  f are  the  restrictions  of  M tind  f , resj'ec  t tvelv , to  the 
n n n u 

sot  R . Under  our  assumptions  it  follows  Liiat  u 1!  f'l  fi  (■'>)  ‘nd  f I 

11  h It 

^ ■'  -I  M "-I 

in  K(B,V)  a.e.  u , and  so  bv  Ihoorcin  2.2,  ii  f > vii  in  M ('■  ) . The 
’ n n n b 

^ ~-i  .-"-1 

fatter  implies  that  (A)  *•  bC  (A).  Ihsing  this  in  ('0  yield.s 

Lin  sup  u f ^ (A)  < pf  ^ (A)  + e < pf  ^ (A)  T t . 
n n n — — 

Since  t was  chosen  arbitrarily,  this  proves  (d),  and  we  ,'ire  done. 

The  next  result  is  a converse  to  the  last  theorem. 


M(Y)  for  n > 1.  Suppose  the  followini',  hold. 
--J  V . ,-L 


“n^n 


lif  in  M(Y)  tor  some  ;i  r M(X)  . 


(ii)  f f in  F(X,Y)  a.(>.  p . 

a n 

(iii)  f ^ contains  the  open  sets  of  X. 

(iv)  sup  1 (li)  < “>  for  all  I’.bX. 

(vi  The  p f ^ satisfy  (L). 

ll  11 

Then  y.  r in  f!(X). 
n 

weak  convergence  version  of  the  above  i .s  as  folln.-as.  If  is  in 

i'-i.  (X) , cond  i t Lous  (ii)  and  (iii)  hold,  and  p f ^ pf  ^ in  M,  (Y)  , then  p '>  p 
P II  n u n 

in  Mj^(X).  This  is  proved  similarly.  In  this  context  (Iv)  holds,  since 

II, /X)  = l‘„f~VY)  V pf'^Y)  - p(x) 

imp  1 ies  ( i v) . ) 

i’roof.  Condition  (iv)  is  equivalent  to  the  he  i ng  vaguely  ril.i!  he  I \- 

rempact,  [8,  p.  9'tl.  Consequent  1 y , any  suhsequenci'  of  p^^  contain,  a suhsequeni-e 

U , such  that  p , some  > in  M(X)  as  n'  -v  ....  By  Theorem  2.4  we  have 
n n 


p ,f  ! ^ If  ' in  M(Y).  from  tliis  and 
n n 


= pi 


( i ) it  loll ows  t hat  ‘ t 


I'or  viuy  oi'i-'ii 


tii-l 


A ill  let  II.  V 1h‘  tll.il  .\ 


I (1)).  ’Ilii'n 


\(A')  = M'“\h)  - Ilf  '(K)  11  (A). 

V 

TliiiM  \ ” U,  ami  so  tiu'  original  soquonoo  ' ji. 

U'o  oml  this  soot  ion  i.'ith  tho  f o M ov.- i ni',  loiiim.i,  whioli  vo  usoil  ahovo. 

I, ('mill  I 2.b.  If  11  i .s  in  M(X)  and  K is  a oi'iiipaot  .sot  in  \,  ihoii  rlioi'i'  i .'i  o 
ooi'ip.iv  t U 1 X oontaiiiin;;  K with  |i(i>!')  = 0. 

I’ri'of . For  oaoh  x r K,  lot  lie  a ooinpaot  no  i s;hhoi  h.ood  ol  x.  Sinoo  K 

oi'r.ipaot,  thori'  aro  x x siioh  that 

‘ ’ 1 ' n 

KC.  I'  V. 

1=1  i 


r>y  I'ryst'hn's  1 oiiima  tlu' 

ro  is  a oont 

iniions  fuiu't 

ion  1 

1 f ri'iii  X 

to  tho  intoi 

1 0, 1 1 suoh  that 

f(x)  ^ 

1 i 1 X r K 

aaid  f(x)  = 

0 if 

X r V‘". 

hot  K 

1 

, = {x 

: f (xl  ■ 0 1 

till'  1 > 0. 

Kaoh  K is  o.  losi 

od  and 

oont  a i nod  i ii 

V and  si'  it 

i s 1 

ro.’.ipnot  . 

A 1 so  hooau; 

f is  continuous 

, 1 hon 

•'■K  C lx  . V 

: f ('.1  = f}  . 

1 1 

1 (1  1 1 ows 

, sinoo  11  is 

on  V,  that  thoro  is  an  i ' siioh  that  m(^K  ^)  - 0.  This  loiiijilotos 


-a1 


1 i n i 1 1' 


tho  'proof. 


3. 


CV>  11 V C! )•  g e n _o f __ J 1 1 n?. r a_ls 

lii  this  section,  we  study  the  convergence  of  the  intej'rals  and 
measures 

U f = /c  (x)dii  (x)  and  f u (A)  = ft  (x)d)i  (x)  for  A c X, 
n n •'  n n n n -I  n n 

A 

^^^here  e F(X,R)  and  t;  M(X)  • he  show  how  th.eir  convergence  is 
related  ’ to  the  uniform  M^-integrahility  of  the  f's,  which  is  defined 
as  follows. 

Functions  f^  e F(X,R)  (n  ^ 1)  are  said  to  be  uniformly  u-integrable, 

for  a G W(X),  if  there  is-  an  h e F(X,(0,“>))  such  that  pi:  < <”  and 

lim  sup  / [f  (x)ld’i(x)  = 0. 

a->«  > ah(x)t 

(See  [2,  Tlieorem  2.12.7J  concerning  o-finite  p's.)  In  partici’ilar , tlia  f 

■ • n 

are  uniformly  p-integrable  for  p c M,  (X)  if 

b 

lim  sup  / |f  (x)|dp(x)  = 0. 

> a)  “ 

We  siiall  use  the  following  generalijJation  of  the  latter. 

Definition  3.1.  l.et  f be  in  F(X,R)  and  p be  in  M,  (X).  We  say  tiiat  the 

f are  uniformly  p -intcgrable  if 
n 11° 

lim  lim  sup  / |f  (.x)  | dp  (x)  - 0. 

a'-’'  ^ ^ al 

(This  definition  can  be  e.xtended  to  jj  in  M(X)  in  an  obvious  way.) 

n 

Iheorem  3.2.  Suppose  p p in  M.  (X);  f ^ f in  F(X,R.)  a.o.  p ; and 

u f < ">  for  n > 1.  The  following  statements  arc  equivalent, 
n n -- 

(i)  p f >■  pf  and  pf  < 
n 11 

( i i)  f p f p in  M,  (X)  . 
n n li 

(iii)  The  f are  uniformly  p -integi-able . 

n II 

-I 

(iv)  The  functions  ( O ° *^'n*n  are  uniformly  l.ebostpu'-- 

iiitegr.ibl  e . 

litoof  . If  (ill)  liolds,  then  there  is  an  M sncli  that 


8 


- •*  + f f,.  (>0  dp  (x)  < M -h  ;\p  (X). 

I £ a; 

Sim-i'  . (X)  - L (X' , rhaii  lira  sup  p f < and  :ni  bv  TliLu.-rurn  2.3,  wu  have 

ii  ' II  n n 

pf  < To  1 iiitsh.  provi.ii"  rdiat  (i)  is  equivalent  to  (iii)>  just  parrot 

the  proof  of  [3,  Theorem  5.4]. 

If  (ii)  holds,  then 

p f = f u (X)  > fp(X)  = pf  < ", 

n n n n 

which  is  (i) . Now  suppose  th.at  (iii)  holds.  Vie  will  show  that  (ii) 
follows.  Let  g be  a bounded,  coatinuoufj  nonnegative  function  on  X. 

Clearly  the  functions  f^(*)g(‘)  are  uniformly  p^-integrable  and 
f^(')g(')  f(’)g(')  in  F(X,R_|^)  a.e.  p^^.  Using  the  established  fact 

that  (iii)  implies  (i)  we  obtain 

= /g(x)f^^(x)  dp^^(x)  /g(x)f(x)  dp(x)  = fp(g). 

This  yields  (ii). 

We  finish  the  proof  by  showing  that  (i)  and  (iv)  are  equivalent. 

By  a change  of  variable  and  a well-known  exp'ression  for  expectations 
we  can  vzrite 

p f = f tdp  f ^(t)  = / p f '^(t,")dt  =•  / g (t)dt. 
n n ■'  n n n n ■'  n 

o o o 

From  Theorem  2.2  we  have  ^ i'f  Then  gj^(i)  ’’  g(f)  ~ I'f  ^(t,") 

for  all  but  a countable  number  of  t's.  It.  follows,  by  the  classical  con- 
v(^cgence  th(M)reni  for  uriiformly  iutegi  able  - funct.  ion.'' , [2,  f.or.  2.12.5], 

that  /g^^(t)dt  >■  /g(t)dt  if  .and  only  if  (iv)  holds.  Tiiis  proves  that  (i) 

is  equiv.alent  to  (iv). 

'flieorem  3.3.  Suppose  p ^ p in  M(X);  f f in  F(X,K,  ) ,i.e.  p ; and  the 

fp  and  nre  in  M(X).  Tii..  following,  slatement.s  .are  equivalent. 

( i ) f p e f (I  in  M(,X)  . 
n n 

(ii)  The  f^^  are  uniformly  p^^-i  ntegr.abl  e on  eaih  C(.)mp,u-I 


q 


.set  ill  X. 


ilniQ!!-  Suppose  (L)  holds.  Lot.  K bo  ;i  compact  sot  In  X,  and  pick  a compact 
set  K'  contain  injt  K with  f|i(;iK')  = 0.  Tlioii  fp  ip  and  so 

by  Thooroui  3.2  the  C are  unltonnly  p -inteeral) lo  on  K'  and  hence  on  K. 

Tills  proves  (il) 

Now  suppose  (it)  holds.  Let  p,  l)c  a continuon.s  nonnepative  function 

on  X with  compact  support,  from  the  definition  of  weak  convergence,  it 

W ■”  1 . 

is  clear  that  gp  ->  erp  in  M (X).  J.et  A = (gp  )f  . By  Theorem  2.2  we 
n b n n n 

have  '>  X S (gp)C  ^ in  Mj^(R^). 

Let  a be  a continuity  point  of  X and  Let 
h(t)  = j I t 1 for  0 £ t £ a 
[ 0 for  L > n. 

Using  a change  of  variable  formula  for  Integrals,  it  follows  that 

/ f (x)g(x)dp  (x)  = / h(t)d(gp  )f  \t) 

{f  (x)  < a}  R, 

= X h ■>  Xh  = J f(x)r.(x)  dp(x). 

{f(x)<a} 


The  ref  ore , 

Jim  Slip  I f g - fp.gl  < lim  snp  \j  f (x,)i’,(x)dp  (x) 

ti  n n - n ^ ^ n n 

n 


- / f (x)g(x)dp(-.)|. 

ll(x)  ' at 


As  ill  tile  proof  of  Theo’'L:m  1.'^  one  cm  show  ihit  f pp,  ■ 'ihif;  and  the 
uniform  ii^-i  ntep,rab  il  i ty  of  tlic  insures  tli.at  as  a >■  ■ , tlie  right  luind 
side  of  tlie  above  ineipnl.  i ty  conver>',i'S  to  zero.  Tine.  I ''  1 li  and  t lie 
proof  is  complete. 


in 


A kernel  k from  X to  Y is  a mapping  (x,A)  ->  k(x,A)  from  X x / to 

snch  that  k(’,A)  r.  F(X,Rj)  for  each  A,  and  k(x,‘)  c M(Y)  for  each 

X c X.  Wo  let  K(X,Y)  bo  the  so.t  of  all  kernels  from  X to  Y.  For  p t M(X) 

and  k e K(X,Y)  wo  let  pk  be  the  measure  in  M(XxY)  defined  by 

pk(AxB)  = f k(x,B)dp(x)  for  A c X,  B e V. 

A 

In  this  section,  we  study  the.  convergence  of  such  raeasures  Our 

results  arc  extensions  of  those  in  [5]  on  the  convergence  of  mixtures 

of  probabilities.  t 

As  an  illustration,  consider  the  randomly  selected  partial  sums 
N 

Z = Z X , , where  the  N's  are  independent  of  the  X's.  We.  can  write 
n , , n,k 


P(Z  e B)  = /k  (x,B)dp^(x) 

2)  *'22  n 

where 

[xa  ] 

k (x,B)  = P(  Z X c B),  and  p (A)  = P(N  /a  t.  A). 

1*1  I 12  ^ 12  12  11 

K*"  i 

Our  first  result  (Theorem  4.1)  itr.plies  that  11  k^^(x,*)  '>  k(x,*)  for  all 

fxa  1 

x c R and  p > p in  M(R)  (that  is,  the  Z X , and  N /a  converge  in 
n n,k  n n ^ 

distribution),  then  Z^^  converges  in  dlstrihut ion.  Our  second  result  (TiuHirom  4.2) 

[xa  ] 

12 

implies  tiiat  if  Z X , and  Z converge  in  d istr  i hu  t ion , t'nen  no  doe;: 
k=l 

N /a  . Other  applications  to  extreme  value  statistics  nf  cxcliam’eah  I e 
n n 

events  or  random  size  samples  are  given  in  [')  | . 


Thoorom_4.i  Suppose  p^^  >•  p in  M^^(X),  and  k .ind  k^^  in  K(X,Y)  are  such 

that  p k (XxY)  < and  k (x  ,•)  k(.v,*)  in  M,  (Y)  whenever  x >■  x vdiere 

n n n n t)  ti 

' 'Si’  ^ ‘ ''i/'’’n' ^ ^ p(b').  Then  p^^k^^  ^ Pl^  i„  (X-'Y)  if 


.•md  only  if  Uu!  fuacLLons  k^^(-,Y)  are  unLfornly  intagrable. 

IVoof.  Let  f be  a bounded  coritiiuious  nonnegative  function  on  X^Y 
and  let 

h (x)  - /f(>:,y)k  (x,dy). 
n ' n 

For  any  x ->  x with  x t i;  and  x t B,  the  functions  f (x  ,*)  are  bounded, 
n n n n 

and  clearly  t'(Y,R^)  a.c.  Theorem 

3.2  yields  h^(x^^)  ->■  li(x)  /f  (x, y) k(x,dy)  . In  other  words  h^  > h in  F(X,K^) 

a . e . n . 

n 

Now  suppose  tiie  k^(-,Y)  are  uniformly  p^^-integrable . Then  clearly 

the  are  uniformly  p^^-integrable  and  so  by  Theorem  3.2 

p k f = p h > ph  = pkf . 
n n n n 

Thus  p k pk.  Conversely,  if  the  latter  holds  then 
n n 

/k^^(x,Y)dp^^(x)  >•  Jk(x,Y)dp(x) 

and  so  by  Tiieorem  3.2  the  sre  uniformly  p^-intugrable. 

In  the  next  result,  we  use  the  statement  tliat  ki.K(X,Y)  identifies 

mixtures  in  a set  Fc;  M(X) , This  means  that  if  Jk(x,')dX(x)  = Jk(x,')dp(x) 

in  M(Y)  for  any  X and  p in  F,  then  X = p.  See  fb]  and  tlic  refeicnces  therein. 

Tlieorem  4.2.  Let  p^^  and  be  in  Mj^(X),  and  k^^  and  1;  he  in  F. (X,Y)  lor  n ''  i. 

Suppose  the  following  conditions  hold. 

(i)  sup  P (X)  < and  inf  sup  p (IS  ) = 0. 

" ISt.hX  " " 

(il)  /k^^(x,  *)dp^(x)  ''  /k(\ , • )dp  (>0  in  wiiere  p is  in  some  set  i tT  M(X) 

which  contains  tiie  va'-ne  limits  ot  snhscciu' 'nc e;:  of  i (n  1). 

n 

(iii)  k idontilies  mixtures  in  F. 

(iv)  k (x  ,•)  k(x,*)  in  .'I  (Y)  vhencver  x >■  x , whore  x t li  and  (/  (H  - 0 

n n n n n n ' n 

and  X c B whore  B is  ciosoi!  and  I i in  inf  p (li*  ) - 0. 

n n 

Then  p p i n H,  (X ) . 
n b 

ProfiJ".  Condition  (i)  is  (.'pi  i v.i  1 out  to  tin'  t'^^Cn  I)  i’oin)',  weak'y  ii'lalivcly 
cf'mpact.  'llien  ft>r  any  suI  n't  ol  iiitej’or.s  oik'  can  (Ikh'so  .inotluT  snln.ot 


IJ 


N such  that  some  A in  Mj^(X)  as  n >-  in  N.  Snpiiose  we  knew  that 

(1)  |k^^(x,  * )hy^(x)  ” /k(x,  • (>0  jit  n ■*■  “ in  N. 

Then  from  (ii)  and  (iii)  we  wouid  have  y = A,  which  proves  the  assertion 
w 

Pn  •>  y.  . 

To  complete  the  proof,  we  only  need  to  verify  (1).  Let  f be  a hounded 
continuous  function  on  Y and  let 
h^^(x)  = /f  (y)k^^(x,dy)  . 

For  any  x •>  x with  x t B and  x e B,  it  follows  by  (iv)  that 
n n n 

and  A(B*^)  = 0.  Also  the  b^^(n  e N)  are  uraforraly  y^-intcgrable  by  Theorem 

3.2,  since  (ii)  implies  that  y^^h^  yh  < Applying  Theorem  3.2  to  the 

y and  h (n  r.  N)  we  get 
n n 

I f f(y)k  (x,dy)dy  (x)  = y h > Ah  = / / f (y)k(x,dy)dA(x) . 

X Y " " " X Y 

This  proves  (1),  and  so  we  are  done. 

We  now  show  how  the  above  results  apply  to  convolut Lons . For  tlris  wc 

assume  that  the  space  X is  also  a group  with  addition  as  the  operation.  We 
let  A*y  be  the  convolution  of  A and  y in  M|^(X)  which  is  defined  by 
A^..(A)  = /a(\-x)Ju(x). 

Corollary  4.3. (a)  If  A ^ A and  y ^ y in  H,  (X),  then  A *u  •>  A*y  in  M,  (XI. 
— n n b n n b 

w w 

(b)  Suppose.  A *y  A*y  and  X ■ A in  M,  (X), 
n n n b 

sup  y (X)  < and  inf  sup  ii  (I'^)  = 0, 

" B t bX  " " 

and  A'''y  = A*v  for  y,v  t m (x)  implli'S  y - v.  Then  y '►  y in  fi,  (X). 

b n I) 


Proof . 


These  assertions  follow  direc.lly  from  Tlieorems  4.1  and  4.2. 


5.  K.'iudord  Meaiuirc'S^  :iud  CnL(.'K’‘als 


The?  ahove  results  can  readily  he  extended  to  describe  the  conver- 
gence In  distribution  of  random  measures  C C *n  , and  A (x.*)  df  (x) 

n n n n n n 

and  integrals  /tj  (x)  d5  (x) , where  ^ and  n are  random  measures,  i> 
n n n II  n 

are  random  functions  and  i are  random  kernels.  We  illustrate  this 

n 

here  by  presenting  random  versions  of  Tlieorcm  2.3  and  Corollary  3.4. 

We  begin  by  defining  the  type  of  random  functions  that  we  shall 

consider.  Let  G = G(X,Y)  be  a subset  of  l’(X,Y).  We  assume  that  G 

is  endowed  with  a separable,  metrizable  topology  with  the  following 

property:  If  f ->■  f in  G and  f is  continuous  at  then  f (x  ) > f(x) 

n n n 

whenever  x ->■  x in  X. 
n 

Examples  of  such  G are: 

(a)  G = {continuous  functions  on  [0,1]}  with  the  uniform  topology 

(b)  G = {fcF(R,R);  f is  right  continuous  and  nonincreasing}  with 
the  relativized  Skorohod  topology  [3,  Chapter  3],  or  the  weak  topology. 

(c)  G = {ftF(X,Y):  f is  continuous)  with  the  topology  of  uniform 

convergence  on  comjiacta. 

A random  element  of  G is  defined  to  be  a raeasurnhle  mapping  fro:ii 
a probability  space  to  (G,G),  wliere  G is  the  srallest  o~lield  containing 
tlie  topology  oi  G.  Similarly,  a random  mea;:urc  on  X (a  random  element 
of  M(X))  is  def  int!d  to  he  a nioasiirablo  r..!,.ping  from  a proliability 
space  to  (M(X)  , M)  whurt'  iM  is  the  .smal  le;;t  o-ficid  containing  tiic  vague 
topology  of  M(X). 

For  our  f irr.t  result,  v;e  assume  , f,  ^ ...  arc  random  me;tsiire.s 

on  X and  , (}i  j , ...  are  random  elements  of  G(X,Y)  such  that 

s'J’  ■■■  measures  on  Y.  We  a?;sume  that  ^ ^ 
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I 


I 

I 


J 


t 


I 


are  defined  on  a coimnoa  jirobab  1 1 i t y spaoe.  We  let  !)^  he  the  set  uf 
d Lscontiuu  Lty  points  of  f c.  C.  Wc  let  Op  denote  weak  convergence  in 
distribution  of  random  elements. 

'IJ^orym  5.1.  If  ’’■p  ('-><{’)’  '■■'iili  probability  one  £.(D  ) - 0 

and 

(1)  inf  lim  sup  f,  (.;■  ^(K)  f!  b*')  = U for  ;iiiy  compact  K t.  X, 

BtbX  ” 

then  ^ 

Proof.  Since  ('>?)>  then  there  exist  random  elements  ^*,1,^*,. 

and  . . . on  a common  probability  space  such  that  *■  (C'S'f* 

a . s . , and 


This  follows  by  the  Skorohod-Dudley  a.s.  representation  of  convergence  in 
distribution  of  random  elements  of  a separable  metric  space,  see  [4],  [9] 
and  [13]. 


Clearly  - 0 a.s.  and  tlie  satisfy  condition  (1). 


Moreover,  tlie  nature  of  the  Lopoiogy  on  C and  f.*(D,,)  = 0 a.s.  imply 

i|)  * - 


^*{x:<;)  *(x  ) -A  for  some  x > xl  = 0 a.s, 

n n TV/ 


Then  Theorem  2.3  yields  ^ 

n 'n 


a.s.  From  this  and  (2)  we  have 


' ij)  ' Cef  V 
ir  n V 


For  the  next  re.snlt  we  assume  that  ^ , . . . ari'  ranJv>m  ri:ea,sufes 


on  X,  and  <f. , , . . . are  r;mdom  elemeTits  of  C(X,R^)  such  that 

f’l  • 't' I • f.o  V • are  defined  on  a common  probability  space  and  the  f'  f 

II/'/'  n n 

(and  Jif,)  defined  by 


A 


are  finite  r.aiidom  me.isures  on  X. 


'^eoroin  5.2.  Suppose  the  following  liol'J. 

(1)  -^u 

(ii)  With  probability  one,  the  are  uuifocinly  C^^-integrable  oa  each 
compact  set  in  X. 

(iii)  With  probability  one, 

inf  lim  sup  (B^)  = 0. 

Bf-bX  " " 

Then  <J>  ^ 6T  and 

n n ^ 

>g  /(i>(x)dC(x). 

This  follows  from  Corollary  3.4  and  an  argument  like  that  in  the 
proceeding  proof. 


i 


i 

) 


1/ 


F 


6.  Thinn  Lng^of  I’o  hTj”  r^^)f;og,so^  ;mtj_  Kandoni^  Mi^uiurrs 

In  this  section  we  sliow  how  the  above  results  on  inag.*  measures  can  be 

used  in  analyzing  thinnings  of:  random  measures. 

In  [11]  it  was  shown  that  many  thinnings  of  point  proce.sses,  as  in  [7], 

[S],  [10]  and  [12],  can  he  described  as  follows.  Suppose  that  mass  Is  randomly 

placed  on  according  to  a random  measurt-  C*  (Tiie  C is  a [loint  process  if  with 

probability  one  C(A)  i.s  integer-valued  for  each  AtbX.)  Assume  that  this  mass 

is  thinned  by  another  random  measure  n on  R^,  with  n(t)  = ii([0,t])  t a.s.  for 

all  t 0,  such  that  the  mass  c(t)  = ^([0,t])  in  the  interval  [0,t]  is  replaced 

by  an  amount  ri(f,(t)).  in  other  words,  the  retained  mass  (the  thinned  random 

measure)  is  represented  by  the  composition  not;  of  ri  and  C. 

One  result  in  this  setting  is  the  following.  For  this  we  assume  that 

oC  fs  a thinned  random  tueasure  as  described  above  where  the  thinning 
n " 

measure  ri  depends  on  n and  n (R.)  = ‘“J  a.s.  We  also  let  n be  another  random 
n 11  + 

measure  cm  ti  and  let  c and  a be  in  R,  with  a ->  by  uoa  for  ufM(R,)  and 

n + n + 

asR_^  we  mean  the  measure  defined  by  poa[0,t]  ~ p(at). 

Theorem  6.1.  If  t ^r,(t)  ><,c,  them  ti  o'.oa  poc  if  find  only  if  n oa  n. 

. - — - T n n I n n T 

This  is  proved  for  point  processes  in  [7]  and  for  r.i.idom  measures  in  [11]. 
It  contfiins  the  first  result  in  thinning,  see  Renyi  (1956),  which  is  as  follcivs. 
Suppe.se  r,  it!  .1  renewal  proces.s  whose  inlerpoint  distances  iiavi'  moan  u.  If 
eacli  poitT  of  r;  is  indepemd <.m 1 1 y rc'tained  witii  iirohalii  l i ly  p^^,  where'  p • 0, 
and  f i.s  tlu'  Lliinned  process,  tlien  < f p ^ converges  in  d i st  ril)ut  ion  to  a 
Poisson  proces,;  willi  intensitv  a 

Tlie  prc'of  in  jll]  of  the  above  t lieorcm  is  liascd  cm  t !u'  follciwing,  result 
whicii  dcscri'oes  tile  contimiily  ol'  t tie  conpcisl  t i cm  operalor.  Ttiis  is  piovc'cl 
dirc'ctly  in  [10|,  Ini  t tieie  '..e  note  lti.it  it  is  ;i  corollary  o(  out  Ttieorom  2.4. 
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i 

t 


I'or  this  \JKi  let 


fiCt)  = iaf  {s  : 11  (s)  ^ t} 

he  liie  lei  t-font  inuous  Inverse  el  )i  ( t ) = u|0,l]  for  witii  (R  ) = t”. 

V , V 

Corol  larv  (».2.  Suppose  >.  >■  A and  \i  ->  u in  MlK.),  where  u (R  ) = 

— - — n n 4-  ’ ^n  t- 

n(iO})  ==  0,  and  = 0.  Then  > Xoii  in  M(Rj^). 

j^roef.  Clearly  H ^ i only  If  0 < •- • Consequently, 

A oji  ft)  = A {s  > 0 : u (s)  < f}  - A (i  *'f0,t]. 
n n n — n n n 

Stellar  to  tite  proof  of  [II,  Theorem  2.1]  it  follows  from  p '>  p and  (i({f)})  = 0, 

n 

that  u(t)  for  each  continuity  point  t of  u-  Since  these  i- ' s are 

nondecreasing  and  then  one  can  easily  show  that  *1  t in  K(S^,  R^^) 

a.c.  A . ITirthermore,  for  each  t 
n 

CO  Cf) 

[J  rho,t|  = y [0,p^(t)l  e bR_^. 

n=l  n=l 


Thus  by  Theorem  2.4  we  have 


A on 
n 


n 


, - 1 w , •*  - 1 

A n ' Ap 
n n 


A o P . 


We  be;',;iii  tliis  section  by  describin;;  a thinnin;’,  of  a random  me.isure  r. 
on  R^  by  another  random  i.xasnra  t)  such  that  t iic  thinned  measure  i I lie  co'-pos;!  t ion 
no ' . An  cibvious  (|iiestion  i s,  bow  em  I li  i s type  ot  "order«.'il"  thinning  tni  R^ 

1)C  cliaracter  Lzed  on  a g.en'ral  spaee  X,  wliLiti  may  not  lie  totally  t'ldered?  Since 
tf'4  " He  ^ (as  we  .saw  in  t lie  last  proof),  then  tlu>  followin;;  char,  ti'rir.ation 
by  image  measure.’,  is  tallier  natnrnl.  ■|hinl,  oi  R^  as  a slab  of  mass  tli.it  Is 
deposited  on  X according  to  a r.indom  fund  ion  ‘ from  to  X such  that  the 

t-tli  hit  of  R^  is  depositt'd  it  the  local  ion  ^(t).  Thin  the  dept'siti'd  mass  by 
a r.indom  me.isiir.-  p on  R^^  sneli  that  the  ni.iss  V.A)  depo.Mted  in  a set  r X 


1‘) 


is  re.plac-ed  by  nii  amoimi  n((;i  *(A)).  That  is,  the  thinned  measure  is  the 
image  measure  n(}i  Our  i’heorems  2.2  - 2.6  and  Theorem  T.!  ean  be  used 

to  describe-  the  convergenci'  oE  such  tliiimings  where  the  ti's  and  cj) ' s 

depend  on  converging  piirameters . 
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20.  Abstract 
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of  image  measures,  since  iy^fn(x)  dpj^(x)  = ^t  dpj^f“i(t).  Using  this  idea,  we 
present  several  convergence  theorems  for  these  integrals  when  the  P,i's 
are  weakly  or  vaguely  convergent.  These  are  similar  to  the  result  that  if  p- 
intcgrable  f^^  converge  in  p-measure  to  some  f,  then  ffn  dp  Jf  dp  if  and 
only  if  the  fn  are  uniformly  p-integrablc.  -We  also  extend  our  integral  convor  ;ence 
theorems  to  mixtures  of  measures  Vp(A)  = /kj^(x,A)  dp^^Cx),  which  arise  in  the 
sutdy  of  extreme  order  statistics  of  exchangeable  variables,  and  randomly 
selected  partial  suras. 
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